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Abstract
Four different extensions of the Standard Model to non-commutative space-time
are considered. They all have the structure group UY(1)
⊗
SUL(2)
⊗
SUc(3) but
differ through the way Yukawa interaction is implemented. Models based on non-
commutative tensor products involve, in general, several inequivalent Seiberg–Witten
maps of some (Higgs or fermionic) matter field. The non-minimal Non-Commutative
Standard Model, advocated by the Munich Group, is reproduced at lowest order
in the non-commutativity parameter by a particular model of this class. On the
other hand, models based on hybrid Seiberg–Witten maps predict electromagnetic
couplings of neutral particles like Z-boson, Higgs meson, or neutrino. The non-
commutative contributions of the above Standard Model extensions at low energies
are evaluated by integrating out all massive bosonic degrees of freedom.
∗marculescu@physik.uni-siegen.de
1
1 Introduction
In non-commutative field theories [1] the space-time coordinates xµ are promoted to Her-
mitean operators xˆµ obeying the commutations relations
[xˆµ, xˆν ] = iθµν (1.1)
where θµν is a real, antisymmetric matrix that may be a constant, a function of the
coordinate operators, or a function of both coordinate and momentum operators. While
such a description has been proposed already in the early days of quantum field theory [2]
its present revival is mainly due to the development of nonperturbative aspects of string
theory [3].
Non-commutative field theories are conveniently studied by replacing the original mul-
tiplication law pointwise by a deformed one, that reduces to the commutative multipli-
cation in the limit of vanishing θµν . In the following a constant θµν will be considered,
i.e. [xˆρ, θµν ] = 0. Accordingly, one introduces an non-commutative derivative ∂ˆµ with the
properties [
∂ˆµ, ∂ˆν
]
= 0 ,
[
∂ˆµ, xˆ
ν
]
= δνµ . (1.2)
It is convenient to replace xˆµ and ∂ˆµ by commuting coordinates x
µ and derivatives ∂µ
defined by [4]
xµ ≡ xˆµ − i
2
θµν ∂ˆν , ∂µ ≡ ∂ˆµ . (1.3)
A function Fˆ (xˆ) of non-commutative coordinates becomes a differential operator acting
upon commuting coordinates
Fˆ (xˆ) = Fˆ (x) exp
(
i
2
←
∂µ θ
µν
→
∂ ν
)
≡ Fˆ (x) ⋆ . (1.4)
The operator on the right of Fˆ is known as the Moyal (star) product operator [5]. It is
easy now to check that the commutation relations (1.1) and (1.2) are fulfilled. The Moyal
product considerably simplifies the quantization problem and the derivation of Feynman
rules for NC field theories.
If the quantization takes into account the full nonlinear dependence on θµν , non-
commutative field theories show unusual properties, like ultraviolet-infrared (UV / IR)
mixing [6], or problems with unitarity for time-like [7, 8] and even space-like [9] non-
commutativity parameters. By expanding the non-commutative field theory in θµν , one
obtains at each order a local field theory. If the asymptotic fields belong to the commu-
tative region of space-time, the result is a unitary theory, free of UV /IR mixing, but
non-renormalizable since θµν is dimensionful.
Representing non-commutative fields by Seiberg–Witten maps [10], a method of im-
plementing any gauge theory with compact structure group in non-commutative space-
time has been developed in refs. [11] and [12]. Remarkably enough, the resulting non-
commutative gauge theory has the same one-loop anomalies as their commutative coun-
terparts [13]. When applied to the full Standard Model of particle physics the method
leads to a minimal non-commutative extension [14] with the same number of coupling
constants as the original Standard Model.
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However this extension is not unique. While no additional fields have to be incor-
porated, there remains ambiguities in the choice of kinetic terms for the gauge poten-
tials and for the matter fields, including Higgs bosons. For instance, a non-minimal Non-
Commutative Standard Model (nmNCSM) has been proposed in [14] and [15], the main
difference to the minimal extension being due to the freedom of choosing the traces in the
gauge kinetic term. The phenomenological implications of both minimal and non-minimal
extensions have been considered in a number of works [16, 17, 18, 19, 20, 21, 22, 23].
A systematic discussion of the choice for matter kinetic terms is to our knowledge still
missing (see however [15, 24]). In this paper we propose to use in the construction of the
matter kinetic terms only those Seiberg–Witten maps required by the non-commutative
Yukawa terms.
To start with, we review in Sect. 2 the construction via Seiberg–Witten (SW) maps
[10] of the simplest non-commutative gauge theory. It consists of fermionic matter field
minimally coupled to a gauge field. Beside gauge invariance the theory possesses a scaling
symmetry that allows for simplifying the form of the action. This scaling symmetry turns
out to be useful in checking the consistency of the various Standard Model extensions.
If the vector bosons acquire a finite mass, one can integrate out these fields and obtain
the low energy behaviour of the model. We conclude this section by computing the non-
commutative contribution to the low-energy effective Hamiltonian. It describes four- and
six-fermion processes.
In Sect. 3 we review the implementation of the Yukawa interaction by hybrid Seiberg–
Witten maps [14] and present an alternative realization through the non-commutative
tensor product [15]. Some issues concerning the choice of Seiberg–Witten maps for matter
fields (fermionic and Higgs) are also discussed.
In Sect. 4 we construct two different extensions of the Standard Model, in which left-
handed chiral fermions are represented by non-commutative tensor fields. In one model
inequivalent Seiberg–Witten maps represent the Higgs field ϕ and its charge conjugate ϕ˜.
For both maps we assume weighted contributions to the extended action. We find that, at
first order in θµν , the nmNCSM is a special case. In a second model the Seiberg–Witten
maps representing ϕ and ϕ˜ are related by complex conjugation. As a result to the same
left-handed chiral quark field one must associate a pair of non-commuting tensor fields,
complex conjugate each other, having weighted contributions to the kinetic term.
For comparison, we present in Sect. 5 two models based upon hybrid Seiberg–Witten
maps. However, in contrast to ref.[14], we use such maps through the whole non-commu-
tative extension of the Standard Model action and not only in Yukawa couplings. For this
reason, the first model of this section is somewhat different from the nmNCSM of refs.
[14] and [25]. In particular, it predicts an electromagnetic interaction of Z-bosons [26] and
of Higgs mesons [27]. In the second model the left-handed chiral fermions are represented
by hybrid Seiberg–Witten maps. Such a construction has been used previously in GUT
inspired models [15] and it is known to predict a coupling of the photon to neutrinos
[26, 28, 29] with interesting astrophysical implications. Since a hybrid map does not
possess its own gauge field, its contribution to the gauge sector may seem questionable.
Based upon this observation we propose to construct the kinetic gauge term in strict
accordance with the kinetic matter sector and to exclude contributions from all non-
commuting gauge fields that are not associated with a specific Seiberg–Witten map for a
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matter multiplet.
In Sect. 6 we integrate out all massive bosonic degrees of freedom of the Standard
Model extensions in order to obtain their low-energy behaviour. We express in terms of
physical fields the dominant non-commutative contribution to the effective interaction
Hamiltonians for the models presented above.
Our conclusions are reported in the last section. Some considerations about effective
actions are collected in the Appendix.
All models presented in the paper share some common features. On one hand, they
predict processes which are absent in the Standard Model. On the other hand, they provide
new contributions to Standard Model processes. In principle, using various experimental
bounds and precision experiments, one should be able to distinguish between different
non-commutative models, although in practice such a test is still difficult.
Like in the Standard Model there are no gauge anomalies in our models and the
couplings to the non-commutative gravity are also anomaly free, at least in versions of
non-commutative gravity based upon Seiberg–Witten maps.
The Higgs mechanism is not affected by the θµν expansion and the custodial SU(2)
symmetry plays the same role as in the commutative Standard Model. In particular,
it allows for parameterizing the low-energy effective Hamiltonian in terms of the Fermi
coupling constant.
We conclude this Introduction by the following remarks: While the constructions of
the Seiberg–Witten maps can be in principle performed to any finite order in θµν , we will
restrict the explicit computations to first order. We shall deal exclusively with the (old)
Standard Model in which all neutrinos are massless. There is however, in principle, no
problem to incorporate massive neutrinos.
2 Review of Seiberg–Witten Maps
The Moyal product of two functions is a power series in the non-commutativity parameter
θµν starting with the commutative product plus higher order terms chosen in such a way
as to yield an associative product. It can be used to express infinitesimal non-commutative
gauge transformations of matter and gauge fields
δΨˆ = iΛˆ ⋆ Ψˆ , δVˆρ = ∂ρΛˆ + i
[
Λˆ ⋆, Vˆρ
]
(2.1)
under usual gauge transformations
δψ = iλψ , δvρ = ∂ρλ− i [vρ, λ] ≡ Dρλ . (2.2)
Furthermore, any pair of non-commutative gauge transformations Λˆ, Ξˆ has to satisfy the
consistency condition [12]
i
(
δλΞˆ− δξΛˆ
)
+
[
Λˆ ⋆, Ξˆ
]
= ̂[λ, ξ] . (2.3)
In (2.1), (2.3) the symbol ⋆ includes also matrix multiplication. The suffixes λ, ξ mean that
variations are performed with respect to two different gauge transformation and the right
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hand side of (2.3) denotes a non-commutative gauge transformation of the commutator
[λ, ξ].
Commutative gauge fields and parameters are Lie algebra valued. The matter field ψ
belongs to an arbitrary (unitary) representation of a compact gauge group with generators
ta satisfying
[ta, tb] = iC
abctc . (2.4)
Since the Moyal commutator, as introduced in (2.1) and (2.6) includes the anticommu-
tator {ta, tb}, non-commutative fields and parameters do not belong in general to the Lie
algebra, they are in the enveloping of the Lie algebra.
The Seiberg–Witten maps of the gauge theory are local solutions of (2.1), (2.3). This
means that they can be expressed as formal series in θµν that at each order depend on
commutative fields and a finite number of their derivatives. To first order in θµν one finds
Λˆ = λ+
1
2
θµν (c∂µλvν + c
∗vν∂µλ) , (2.5)
Ψˆ = ψ +
1
2
θµν [vµ (−∂ν + icvν) + avµν ]ψ , (2.6)
Vˆρ = vρ +
1
2
θµν
{
−1
2
{vµ, ∂νvρ + vνρ}+Dρ
[
bvµν +
(
c− 1
2
)
vµvν
]}
, (2.7)
where a can be complex and b is real. The parameter c is gauge dependent and will be
chosen 1/2. In contrast to c, the parameters a and b multiply covariant quantities and
may be present in the invariant action. Since they can be eliminated by a (covariant) field
redefinition we call them scaling parameters.
From (2.6), (2.7) one can construct Seiberg–Witten maps for covariant derivatives and
field strengths
Dˆρ ⋆ Ψˆ = ∂ρΨˆ− iVˆρ ⋆ Ψˆ , Vˆρσ = ∂ρVˆσ − ∂σVˆρ − i
[
Vˆρ ⋆, Vˆσ
]
(2.8)
whose infinitesimal non-commutative transformations are
δDˆρ ⋆ Ψˆ = iΛˆ ⋆
(
Dˆρ ⋆ Ψˆ
)
, δVˆρσ = i
[
Λˆ ⋆, Vˆρσ
]
. (2.9)
By assuming usual boundary conditions at infinity and by using Stokes theorem one
can immediately show that the action integral
S =
∫
d4x
[
¯ˆ
Ψ ⋆ i
(
/ˆD ⋆ Ψˆ
)
−M ¯ˆΨ ⋆ Ψˆ− 1
2g2
Tr Vˆρσ ⋆ Vˆ
ρσ
]
(2.10)
is gauge invariant.
An evaluation of (2.10) up to first order in θµν leads to
S = S0 +∆Sg +∆Sm (2.11)
where S0 is the classical commutative action and ∆Sg, ∆Sm are the non-commutative
contributions to the gauge sector and to the matter sector, respectively. They are given
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by
S0 = S0m + S0g =
∫
d4x
[
ψ¯
(
i /D −M
)
ψ − 1
2g2
Tr vρσv
ρσ
]
, (2.12)
∆Sg = 1
g2
∫
d4x
1
2
θµν Tr vρσ
(
−2vµρvνσ + 1
2
vρσvµν
)
, (2.13)
∆Sm =
∫
d4x
1
2
θµν
[
ψ¯iγρvµρDνψ + (a− ib)
(
−iDρψ¯γρ −Mψ¯
)
vµνψ
+
(
a∗ + ib− 1
2
)
ψ¯vµν
(
i /D −M
)
ψ
]
. (2.14)
Notice the presence of the parameters a and b only in the matter action where they
multiply the equation of motion and can be scaled away by the following field redefinitions:
ψ −→ ψ − a
2
θµνvµνψ , vρ −→ vρ − b
2
θµνDρvµν . (2.15)
The resulting non-commutative contribution is
∆Sm = −
∫
d4x
(
i
2
ψ¯θµνρvµνDρψ − 1
2
θµνψ¯Mvµνψ
)
(2.16)
where we introduced the completely antisymmetric tensor
θµνρ ≡ 1
2
(θµνγρ + θνργµ + θρµγν) . (2.17)
The independence on scaling parameters has been verified up to second order in θµν , in
ref. [30].
Nontrivial physics is encoded in the (matter) currents. They are defined through the
variation of the matter action with respect to the gauge fields. For the gauge field theory
under consideration we have
− δvS0m ≡
∫
d4xJρaδA
a
ρ , vρ = −gAaρta , Jρa = gψ¯γρtaψ (2.18)
where we introduced explicitly the gauge coupling constant g. The non-commutative con-
tribution to the matter current can be obtained from
δv∆Sm ≡
∫
d4x∆Jρa (v; x)δA
a
ρ(x) (2.19)
where
∆Jρa (v) = g
[
ψ¯θµνρ
(
i
←
Dµ taDν +
1
2
{ta, vµν}
)
+ θµρDµ
(
ψ¯Mtaψ
)]
. (2.20)
The notation emphasizes the additional dependence upon the gauge field.
If some of the gauge fields acquire mass the low energy behavior is adequately described
by an effective theory obtained by integrating out the massive gauge fields. Since the gauge
fields couple linearly to fermions the fist term in the effective action has the current-current
form
Heff0 (x) =
1
2
Jµa (x)J¯µa(x) + · · · . (2.21)
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where
J¯µa(x) ≡
∫
d4yDµν(x− y)Jνa (y) , (2.22)
with Dµν(x) the free propagator of the massive gauge field
Dµν(x) ≡
∫
d4k
(2π)4
e−ikx
ηµν − kµkνm2
m2 − k2 , (2.23)
and the dots stay for terms of at least cubic order in J¯µa.
To get a local effective theory one has to expand the propagator in inverse powers of
the gauge field mass:
J¯µa(x) =
1
m2
Jµa(x) +
1
m4
(∂µ∂ν − ηµν✷)
(
1− ✷
m2
+ · · ·
)
Jνa (x) . (2.24)
The effective action itself is obtained as an expansion in 1/m2. Actually, it makes sense
to keep in this expansion only terms which do not require further regularization, such
that the effective action will be expressed solely through bare parameters of the original
theory.
Since the non-commutative current has additional gauge field dependence the evalu-
ation of the low energy effective action is more involved. We assume of course, that the
occurrence of a vector boson mass term in the commutative sector is the only modifica-
tion suffered by (2.10). Due to the antisymmetric tensor θµνρ, the contribution induced
by ∆Sm remains unrenormalized and is given by
∆HmNC = g
[
i∂µψ¯θ
µνρta∂νψ + θ
µρ∂µ
(
ψ¯Mtaψ
)]
J¯ρa
−g
2
2
J¯ρa
{
Cabcψ¯
[
i
2
θµνρ
(
←
∂µ −
→
∂µ
)
+ θνρM
]
tcψ + ψ¯θ
µνρ {ta, tb}ψ∂µ
}
J¯νb
−ig3ψ¯θµνρtatbtcψJ¯µbJ¯νcJ¯ρa . (2.25)
Currents being bilinear in the fermionic fields, (2.25) describe four-, six- and eight-fermion
effective interactions.
On the other hand, ∆Sg contains triple and quadruple gauge field interactions, which
also describe processes with more than four fermions. As shown in the Appendix, quartic
gauge field interactions provide contributions of order 1/m6 to effective four-fermion pro-
cesses depending on the regularization details. The non-commutative contribution to the
effective Hamiltonian becomes thus
∆HeffNC =
g2
m2
[
i∂µψ¯θ
µνρta∂νψ + θ
µρ∂µ
(
ψ¯Mtaψ
)] [
ηρσ +
1
m2
(∂ρ∂σ − ηρσ✷)
]
ψ¯γσtaψ
− g
4
2m4
ψ¯γρtaψ
{
Cabcψ¯
[
i
2
θµνρ
(
←
∂µ −
→
∂µ
)
+ θνρM
]
tcψ
+ ψ¯θµνρ {ta, tb}ψ∂µ
}
ψ¯γνtbψ +O
(
1
m6
)
. (2.26)
Notice that, in contrast with the commutative case the part of (2.26) describing six-fermion
interactions is of order 1/m4 and does not depend upon the regularization details.
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3 Yukawa Interaction and Seiberg–Witten Maps
The action of the commutative Standard Model consists of several parts representing
the pure gauge (g) sector and the matter sectors (two fermionic sectors labelled by the
superscript m and one Higgs sector labelled by H):
SSM = S(g) + Smatter = S(g) +
[∑
m
S(m) + S(H)
]
. (3.1)
It is convenient to write the contribution of the matter sectors in the form
Smatter =
∫
d4x
{∑
m
[
ψ¯Li /DψL + χ¯Ri /DχR + η¯Ri /DηR −
(
ψ¯LG
+ϕχR
+ ψ¯LG˜
+ϕ˜ηR + h.c.
)]
+Dρϕ+Dρϕ+
λv2
4
ϕ+ϕ− λ
4
(ϕ+ϕ)2
}
(3.2)
where we omit the label m assigned to each fermionic field. Spinor and flavor indices are
not shown explicitly, summation being understood. The fermions χ and η are decomposed
into their left (suffix L) and right (suffix R) chiral parts, the Higgs field is denoted by ϕ,
its charge conjugated by ϕ˜ ≡ iτ 2ϕ. ψL and ϕ form the doublets
ψL =
[
ηL
χL
]
, ϕ =
1√
2
[
0
v +H
]
(3.3)
with H describing the physical Higgs meson. The gauge field associated to the matter
multiplet labelled by n is
− vρ(n) ≡ g′YnBρ + gT anW aρ + gsTAn GAρ (3.4)
where Yn, T
a
n , T
A
n denote weak hypercharge, weak isospin and SU(3) color, respectively.
We shall use occasionally the abbreviations
vρ = vρ(ϕ) , vRρ = vρ(χR) , v
′
Rρ = vρ(ηR) . (3.5)
The gauge field vLρ associated to the left chiral doublet ψL can be computed from
vLρ = vρ + vRρ = v˜ρ + v
′
Rρ (3.6)
where v˜ρ ≡ −τ 2v∗ρτ 2 is the gauge field associated to the charge conjugated Higgs.
The gauge fields Bρ, W
a
ρ are expressed through physical ones by
Zρ = cos θW
3
ρ − sin θBρ , Aρ = sin θW 3ρ + cos θBρ , W±ρ =
W 1ρ ∓ iW 2ρ√
2
(3.7)
with θ, the Weinberg angle.
The physical matter fields χ and η are obtained with help of unitary matrices AL,R,
A
′
L,R and chiral projection operators PL,R ≡ 1/2 (1∓ γ5):
χL,R = AL,RPL,Rχ , ηL,R = A
′
L,RPL,Rη , (3.8)
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such as to have diagonal mass matrices
M ≡ A+R
Gv√
2
AL , M
′ ≡ A′+R
G˜v√
2
A
′
L . (3.9)
When both fields are massive a Cabibbo–Kobayashi–Maskawa matrix V ≡ A′+L AL can be
introduced.
We will write the action for the pure Yang–Mills part of the Standard Model in the
form
S(g) = −1
2
∫
d4x
∑
n
1
h2n
Tr vρσ(n)v
ρσ(n) (3.10)
where certain weights, 1/h2n, are assigned to the contribution of each of the gauge fields
in the matter representation of the gauge group labelled by n. As we shall see in the
next sections, what matter representations enter the sum may depend upon the specific
non-commutative extension. The normalization conditions are
1
2g′2
=
∑
n
Y 2n
h2n
,
1
2g2
=
∑
n
Tr (T anT
a
n )
h2n
,
1
2g2s
=
∑
n
Tr
(
TAn T
A
n
)
h2n
. (3.11)
While most of the terms in (3.2) have a straightforward non-commutative extension,
for the Yukawa interaction
− ψ¯LG+ϕχR + c.c. , (3.12)
there are several independent possibilities. The authors of ref. [14] represent the non-com-
mutative Higgs field Φˆ by a hybrid Seiberg–Witten map transforming left and right, under
left- and right-handed chiral gauge groups, respectively
δΦˆ = iΛˆL ⋆ Φˆ− iΦˆ ⋆ ΛˆR . (3.13)
By assuming the non-commutative gauge transformations
δΨˆL = iΛˆL ⋆ ΨˆL , δχˆR = iΛˆR ⋆ χˆR (3.14)
for the maps ΨˆL and χˆR associated to left-handed chiral and right-handed chiral fermions,
one can check the gauge invariance of the following extension of the Yukawa interaction
(3.12):
SHSY = −
∫
d4x
( ¯ˆ
ΨLG
+ ⋆ Φˆ ⋆ χˆR + h.c.
)
. (3.15)
The most general solution for the hybrid scalar Seiberg–Witten map up to first order
in θµν is given by
Φˆ = φ+
1
2
θµν [vLµ (−∂ν + icLvLν)φ+ (∂µφ+ ic∗RφvRµ) vRν
− ivLµφvRν + αLvLµνφ+ αRφvRµν ] (3.16)
where αL and αR are arbitrary complex scaling parameters. The gauge dependent con-
stants cL and cR do not show up in gauge invariant expressions and will be,as usual,
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chosen 1/2. The contact with the commutative Higgs field ϕ is done by representing the
commutative part φ as the unit matrix I3 in color space φ = ϕ
⊗
I3.
An alternative to the use of hybrid Seiberg–Witten maps is the construction of non-
commutative extensions of tensor fields and tensor product of fields. The infinitesimal
gauge transformation, direct product of two commuting gauge transformations with pa-
rameters λ and λR, is represented in the non-commutative space-time by the map
Ωˆ(λ,λR) = λ+ λR +
1
2
θµν [c∂µλvν + cR∂µλRvRν + h.c.
+ (2− γR) ∂µλvRν + γR∂µλRvν ] (3.17)
with γR a new gauge dependent real constant, independent on c and cR. The gauge fields
associated to the two commuting groups are denoted by vρ and vRρ. This formula and
subsequent considerations simplify considerably in the gauge defined by c = cR = 1/2 and
γR = 1. We have from (3.17)
Ωˆ(λ,λR) = λ+ λR +
1
4
θµν {∂µ (λ+ λR) , vν + vRν} . (3.18)
On the right-hand side of (3.18) one can recognize the Seiberg–Witten map ΛˆL of left chiral
gauge transformations λL = λR + λ with the corresponding gauge field vLρ = vρ + vRρ.
Both the non-commutative extension of tensor product ϕχR
ϕ̂χR = ϕχR +
1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
(ϕχR) + iDµϕDνχR
+ (αvµν + αRvRµν)ϕχR] (3.19)
and the Seiberg–Witten map of left-handed chiral fermion ψL
ΨˆL = ψL +
1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
+
(
aLvµν + a
′
LvRµν
)
ψL
]
(3.20)
transform with the non-commutative parameter of the product gauge transformation
(3.18) as
δϕ̂χR = iΩˆ(λ,λR) ⋆ ϕ̂χR , δΨˆL = iΩˆ(λ,λR) ⋆ ΨˆL , (3.21)
under δϕ = iλϕ and δχR = iλRχR .
The gauge invariant extension of the Yukawa interaction is in this case
STPY = −
∫
d4x
( ¯ˆ
ΨLG
+ ⋆ ϕ̂χR + h.c.
)
. (3.22)
A further proliferation of non-commutative standard models is caused by the differ-
ent couplings of chiral fermions to ϕ and ϕ˜. If the Seiberg-Witten maps of ϕ and ϕ˜ are
independent of each other, the non-commutative extension of the Yukawa coupling in-
volving ϕ˜ is obtained from the coupling of ϕ by replacing the gauge fields vρ, vRρ and
the gauge parameters λ, λR through v˜ρ, v
′
Rρ and λ˜, λ
′
R respectively. We shall argue in the
next section that, due to (3.6), the non-commuting extensions of the direct product gauge
transformations Ωˆ(λ,λR) and Ωˆ(λ˜,λ′
R
)
can be identified.
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In case that Seiberg–Witten maps of the Higgs field and its charge conjugated are
related by complex conjugation, maps constructed with either the direct Moyal product,
or with the opposite product
◦ ≡ (⋆)∗ = exp
(
− i
2
←
∂µ θ
µν
→
∂ ν
)
, (3.23)
appear in the same non-commutative version of the Standard Model.
In the hybrid fermion model, to be discussed in Sect. 5 one starts with the full Yukawa
term in the form
− χ¯RGψtLϕ∗ − η¯RG˜ψtLϕ˜∗ + c.c. (3.24)
where the superscript t means transposition in the weak hypercharge-isospin space. While
the Seiberg–Witten map for ϕ∗ can be still constructed with the usual star product by
the choice Φ̂∗ ≡ −iτ 2Φˆ2, with Φˆ2 representing ϕ˜ in non-commutative space-time, the map
of ϕ˜∗ must be complex conjugate to Φˆ2. As a consequence, Seiberg–Witten maps of χR
and ηR have to be constructed with opposite products. Also the left chiral fermion will be
represented by two maps Ψˆt1L and Ψˆ
t
2L, opposite each other and hybrid of either ϕ
∗ and
χR, or ϕ˜
∗ and ηR. The general solutions of the corresponding consistency conditions are
Ψˆt1L = ψ
t
L +
1
2
θµν
[
vRµ
(
−∂ν + i
2
vRν
)
ψtL +
(
−∂µψtL +
i
2
ψtLv
∗
µ
)
v∗ν
+ ivRµψ
t
l v
∗
ν + a
′
1LvRµνψ
t
L − a1LψtLv∗µν
]
, (3.25)
Ψˆt2L = ψ
t
L −
1
2
θµν
[
v
′
Rµ
(
−∂ν + i
2
v
′
Rν
)
ψtL +
(
−∂µψtL +
i
2
ψtLv˜
∗
µ
)
v˜∗ν
+ iv
′
Rµψ
t
l v˜
∗
ν − a
′
2Lv
′
Rµνψ
t
L + a2Lψ
t
Lv˜
∗
µν
]
.
We obtain the following non-commutative extension of the Yukawa interaction (3.24):
SHFY = −
∫
d4x
(
¯ˆχRG ⋆ Ψˆ
t
1L ⋆ Φ̂
∗ + ¯ˆηRG˜ ◦ Ψˆt2L ◦ Φˆ∗2 + h.c.
)
. (3.26)
Seiberg–Witten maps constructed with opposite products can be used also in mod-
els based upon tensor product representations. The non-commutative extension of the
infinitesimal parameter Ωˆ
(λ˜,λ
′
R
)
using the opposite Moyal product (3.23) is (in an appro-
priate gauge)
Ωˆ
(λ˜,λ
′
R
)
= λ˜+ λ
′
R −
1
4
θµν
{
∂µ
(
λ˜+ λ
′
R
)
, v˜ν + v
′
Rν
}
. (3.27)
Beside the Seiberg–Witten maps ΨˆL, ϕ̂χR transforming under (3.18) and using the usual
star product, one has to introduce a second map Ψˆ
′
L for ψL, as well as the non-commutative
field ̂˜ϕηR, transforming under (3.27) as
δϕ̂ηR = iΩˆ(λ˜,λ′
R
)
◦ ϕ̂ηR , δΨˆ′L = iΩˆ(λ˜,λ′
R
)
◦ Ψˆ′L . (3.28)
The complete non-commutative Yukawa interaction is thus
STPY = −
∫
d4x
(
¯ˆ
ΨLG
+ ⋆ ϕ̂χR +
¯ˆ
Ψ
′
LG˜
+ ◦ ̂˜ϕηR + h.c.) . (3.29)
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In ref. [14] the Seiberg–Witten map of the Higgs field in Yukawa interaction is differ-
ent from the map entering the non-commutative extension of the Higgs action. The gauge
fields involved in both maps are different and have different non-commutative represen-
tatives. Moreover, in the minimal Non-Commutative Standard Model, the gauge kinetic
term is extended to the non-commutative space-time by means of the Seiberg–Witten
map
Uρ ≡ g′y
2
Bρ + g
τa
2
W aρ + gs
λA
2
GAρ with y ≡
(
1 0
0 −1
)
, (3.30)
which is different from all previous non-commutative gauge field representatives.
In this work we will take a somewhat different point of view. We shall make the
Seiberg–Witten maps entering Yukawa interaction dynamical, that is we shall use these
maps to perform the extension of all the other terms of the Standard Model action. Since
Yukawa interaction in non-commutative space-time may involve different Seiberg–Witten
maps of equivalent matter representations, we associate certain weights to their non-
commutative contribution to the extended action. Such a treatment also applies to the
gauge sector and is similar to the approach advocated in the nmNCSM version.
The main ingredients to make Seiberg–Witten maps dynamical are non-commutative
covariant derivatives (for matter fields) and field strengths (for gauge fields). For instance,
the gauge map associated to the non-commutative tensor field ΨˆL transforms under (3.17)
according to
δVˆLρ = ∂ρΩˆ(λ,λR) + i
[
Ωˆ(λ,λR)
⋆, VˆLρ
]
. (3.31)
The dependence of the map VˆLρ on the commuting gauge fields can be deduced from the
corresponding consistency condition. Up to first order in θµν and in the gauge defined by
(3.18) one gets
VˆLρ = vρ + vRρ +
1
2
θµν
[
−1
2
{vµ + vRµ, ∂ν (vρ + vRρ) + vνρ + vRνρ}
+ Dρ
(
bLvµν ++b
′
LvRµν
)]
(3.32)
with bL and b
′
L being arbitrary real scaling parameters.
Of course, similar considerations apply to Seiberg–Witten tensor maps constructed
with the opposite Moyal product.
The covariant derivative of the hybrid maps can be obtained from their transformation
properties. According to (3.13) the scalar hybrid map has the covariant derivative
Dˆρ ⋆ Φˆ = ∂ρΦˆ− iVˆLρ ⋆ Φˆ + iΦˆ ⋆ VˆRρ . (3.33)
VˆLρ and VˆRρ stand here for the Seiberg–Witten maps of the gauge fields vLρ and vRρ,
respectively, and become dynamical together with ΨˆL and χˆR defined in (3.14).
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4 Models Based on Non-Commutative Tensor Prod-
ucts
The Tensor Product Model
The simplest non-commutative version of the Standard Model is obtained by representing
the left chiral leptons and quarks by tensor Seiberg–Witten maps. The action of this
model, hereafter called the direct tensor product model, is given by
SPM =
∫
d4x
{
¯ˆ
LL ⋆ i
(
/ˆD ⋆ LˆL
)
+
¯ˆ
QL ⋆ i
(
/ˆD ⋆ QˆL
)
+¯ˆeR ⋆ i
(
/ˆD ⋆ eˆR
)
+
¯ˆ
dR ⋆ i
(
/ˆD ⋆ dˆR
)
+ ¯ˆuR ⋆ i
(
/ˆD ⋆ uˆR
)
−
( ¯ˆ
LLG
+
e ⋆ ϕ̂eR +
¯ˆ
QLG
+
d ⋆ ϕ̂dR +
¯ˆ
QLG
+
u ⋆
̂˜ϕuR + h.c.) (4.1)
+
∑
i
wi
[(
Dˆρ ⋆ Φˆi
)+
⋆
(
Dˆρ ⋆ Φˆi
)
+
λv2
4
Φˆ+i ⋆ Φˆi −
λ
4
Φˆ+i ⋆ Φˆi ⋆ Φˆ
+
i ⋆ Φˆi
]
− 1
2
∑
n 6=ϕ
1
h2n
Tr Vˆρσ(n) ⋆ Vˆ
ρσ(n)− 1
2h2ϕ
∑
i
wiTr Vˆiρσ ⋆ Vˆ
ρσ
i
 .
where w1 and w2 with w1+w2 = 1 are the weights of the maps Φˆ1 and Φˆ2 of the Higgs field
ϕ and its charge conjugate ϕ˜. The summation variable n labels the (inequivalent) matter
representations of the Standard Model gauge group, i.e. n = L,Q, e, d, u, ϕ. The non-
commutative gauge fields corresponding to the equivalent representations for the Higgs
are denoted by Vˆ1 and Vˆ2. In order to agree with the normalization of the commutative
Standard Model we set
1
h21
=
w1
h2ϕ
,
1
h22
=
w2
h2ϕ
(4.2)
for the weights of their contribution to the kinetic gauge term in the action. The gauge
fields associated to left and right chiral fermions satisfy the following relations:
vρ(L) = vρ(e) + vρ(ϕ) , vρ(Q) = vρ(d) + vρ(ϕ) = vρ(u) + vρ(ϕ˜) . (4.3)
The action for a typical matter sector of the tensor product model can be written in
the form
S(m)PM =
∫
d4x
[
¯ˆ
ΨL ⋆ i
(
/ˆD ⋆ ΨˆL
)
+ ¯ˆχR ⋆ i
(
/ˆD ⋆ χˆR
)
+ ¯ˆηR ⋆ i
(
/ˆD ⋆ ηˆR
)
−
( ¯ˆ
ΨLG
+ ⋆ ϕ̂χR +
¯ˆ
ΨLG˜
+ ⋆ ̂˜ϕηR + h.c.)] (4.4)
where, for simplicity, we omit the label m of fermionic Seiberg–Witten maps. Since the
couplings of the left chiral fermion to the Higgs and its charge conjugated are different,
one is expecting two distinct non-commutative maps, Ψˆ1L and Ψˆ2L. According to (3.20)
they may differ only by terms proportional to the partial field strengths vµν , vRµν and
v˜µν , v
′
Rµν . By taking a
′
L = aL one can render both maps equivalent since they depend
only on the sum vLµν (see (3.6)). Similarly, the choice b
′
L = bL in (3.32) leads to the
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equivalence of the corresponding gauge maps Vˆ1Lρ and Vˆ2Lρ. A similar treatment for the
Seiberg–Witten product maps ϕ̂χR and ̂˜ϕηR is not possible because the scaling parameters
α and αR in (3.21) are independent of each other. They can be however related to the
scaling parameters of Φˆ1 and χˆR (or Φˆ2 and ηˆR). To get the precise relation we may use
the equations of motion in the matter sector, as explained in Sect. 2. Since the scaling
parameters appear at the first order in θµν , it is sufficient to consider the equations of
motion of the commutative Standard Model
i /DχR = Gϕ
+ψL , i /DηR = G˜ϕ˜ψL , i /DψL = G
+ϕχR + G˜
+ϕ˜ηR ,
DρDρϕ =
λv2
4
ϕ− λ
2
(
ϕ+ϕ
)
ϕ+
∑
m
[
ψLχ¯RG− iτ 2
(
ηRψ¯LG˜
+
)t]
. (4.5)
We insert now the Seiberg–Witten maps with arbitrary scaling parameters into
∑
m S(m)PM +
S(H)PM and compute the non-commutative contribution to first order in θµν . After using
(4.5), the various scaling factors have to be chosen as to cancel out, independently of w1,
w2.
Let us give now the complete list of the maps occurring in (4.1):
ΨˆL = ψL +
1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
+ aLvLµν
]
ψL ,
ϕ̂χR = ϕχR +
1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
(ϕχR) + iDµϕDνχR
+ (avµν + aRvRµν)ϕχR] ,̂˜ϕηR = ϕ˜ηR + 1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
(ϕ˜ηR) + iDµϕ˜DνηR
+
(
−a∗v˜µν + a′Rv
′
Rµν
)
ϕ˜ηR
]
,
χˆR = χR +
1
2
θµν
[
vRµ
(
−∂ν + i
2
vRν
)
+ aRvRµν
]
χR , (4.6)
ηˆR = ηR +
1
2
θµν
[
v
′
Rµ
(
−∂ν + i
2
v
′
Rν
)
+ a
′
Rv
′
Rµν
]
ηR ,
Φˆ1 = ϕ+
1
2
θµν
[
vµ
(
−∂ν + i
2
vν
)
+ avµν
]
ϕ ,
Φˆ2 = ϕ˜+
1
2
θµν
[
v˜µ
(
−∂ν + i
2
v˜ν
)
− a∗v˜µν
]
ϕ˜ ,
Vˆ1ρ = vρ +
1
2
θµν
(
−1
2
{vµ, ∂νvρ + vνρ}+ bvµν
)
,
Vˆ2ρ = v˜ρ +
1
2
θµν
(
−1
2
{v˜µ, ∂ν v˜ρ + v˜νρ}+ bDρv˜µν
)
,
Vˆρ(n) = vρ(n) +
1
2
θµν
[
−1
2
{vµ(n), ∂νvρ(n) + vνρ(n)}+ bDρvµν(n)
]
,
for n = L,R,R′. While each matter sector (fermionic and scalar) has its own scaling factor
(aL and a), the parameter b appearing in the Seiberg–Witten maps of the gauge fields is
universal.
Hence the tensor product model is consistent and one can eliminate by appropriate
field redefinitions the scaling parameters from all Seiberg–Witten maps.
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The non-commutative contribution of (4.4) can be written as
∆S(m)PM =
∫
d4x∆L(m)PM =
∫
d4x
(
∆LL +∆LR +∆L′R −∆LY −∆L
′
Y
)
(4.7)
where
∆LL ≡ − i
2
ψ¯Lθ
µνρvLµνDρψL ,
∆LR ≡ − i
2
χ¯Rθ
µνρvRµνDρχR , ∆L′R ≡ −
i
2
η¯Rθ
µνρv
′
RµνDρηR ,
∆LY ≡ 1
2
θµν χ¯RG
(
iDµϕ
+Dν − 1
2
vRµνϕ
+
)
ψL + h.c. , (4.8)
∆L′Y ≡
1
2
θµν η¯RG˜
(
iDµϕ˜
+Dν − 1
2
v
′
Rµνϕ˜
+
)
ψL + h.c. ,
with vLµν = vµν + vRµν = v˜µν + v
′
Rµν .
In a similar way one obtains the contribution to the Higgs action
∆S(H)PM = (w1 − w2)
∫
d4x∆LH (4.9)
where
∆LH ≡ 1
2
θµν
(
Dνϕ
+vµρD
ρϕ+ h.c.− 1
2
Dρϕ
+vµνD
ρϕ
− λv
2
8
ϕ+vµνϕ− λ
2
ϕ+ϕiDµϕ
+Dνϕ
)
. (4.10)
Finally, the non-commutative contribution to the gauge kinetic term is given by
∆S(g)PM =
∫
d4x
∑
n 6=ϕ
1
h2n
∆Ln + w1 − w2
h2ϕ
∆Lϕ
 (4.11)
where
∆Ln ≡ 1
2
θµν Tr vρσ(n)
[
−2vµρ(n)vνσ(n) + 1
2
vρσ(n)vµν(n)
]
(4.12)
for n = L,Q, e, d, u, ϕ.
We would like to express these corrections in terms of physical fields. Since the gauge
symmetry of the Standard Model is spontaneously broken to Uem(1)
⊗
SUc(3) we shall
use the covariant derivative
∇ρ ≡ ∂ρ + igsGρ + iQeAρ (4.13)
with Gρ = T
AGAρ . Here Q is a charge operator in flavor space with the eigenvalues
Qν = 0, Qe = −1, Qu = 2/3 and Qd = −1/3. The corresponding field strengths are
Gρσ ≡ TAGAρσ and Fρσ. We will also find it convenient to include a coupling constant in
the definition of the Z-field and its field strength:
Zρ ≡ g
2 cos θ
Zρ , Zρσ = ∂ρZσ − ∂σZρ . (4.14)
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Another useful abbreviation is
W±ρσ ≡ ∇ρW±σ −∇σW±ρ (4.15)
where ∇ρW±σ = ∂ρW±σ ± ieAρW±σ . The non-commutative contribution to the full
fermionic sector consists of a flavor changing (FC) and a flavor preserving (FP) part∑
m
∆S(m) =
∫
d4x
(
∆LFC + h.c. +∆LFP
)
. (4.16)
This decomposition holds for all models under consideration, so we have omitted the
subscript. Furthermore, we separate the lepton (l) from the quark (q) flavor changing
contribution:
∆LFC = ∆Ll +∆Lq . (4.17)
We obtain the following expressions:
∆LlPM = W−ρ
g√
2
e¯θµνρ
(
i
←∇µ ∇ν − Zν
←∇µ − cos(2θ)∇νZµ + e
2
Fµν
)
νL
+(H + v)
g√
2
e¯
1
2
θµν
Me
v
[
W−µ
(
←∇ν −2iZν
)]
νL , (4.18)
∆LqPM = W−ρ
g√
2
d¯V +θµνρ
[
i
←∇µ ∇ν +
(
4
3
sin2 θ − 1
)
Zν
←∇µ
−
(
1− 2
3
sin2 θ
)
∇νZµ − gsGµν − e
6
Fµν
]
PLu
+(H + v)
g√
2
d¯
1
2
θµν
{
Md
v
V +PLW
−
µ
[
←∇ν −2i
(
1− 2
3
sin2 θ
)
Zν
]
W−µ
+ V +
Mu
v
PRW
−
µ
[
∇ν − 2i
(
1− 1
3
sin2 θ
)
Zν
]
W−µ
}
u , (4.19)
∆LFPPM =
∑
f
f¯
1
2
θµνρ
{
i
[
gsGµν +QeFµν + 2
(
T3PL −Q sin2 θ
)
Zµν
]
×
[
∇ρ + 2i
(
T3PL −Q sin2 θ
)
Zρ
]
− g
2
4
(
W−µ W
+
νρ + h.c.
)
PL
}
f
+g2W+µ W
−
ν
∑
f
f¯
1
2
θµνρT3
{
←∇ρ +∇ρ (4.20)
+ 4i
[
Q sin2 θ − T3 (2 + cos(2θ))
]
Zρ
}
PLf
+(H + v)
∑
f
f¯
1
2
θµν
M
v
[
i
←∇µ ∇ν + 2
(
T3PL −Q sin2 θ
)
Zµ
←∇ν
+ 2
(
T3PR −Q sin2 θ
)
∇νZµ − gsGµν −QeFµν + ig2T3W+µ W−ν
]
f
where the covariant derivative
←∇ is acting on all the factors after the coupling constant,
or after the summation symbol. In (4.20) we introduced two new operators diagonal in
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flavor space, the third component of the weak isospin T3 with eigenvalues T3ν = 1/2,
T3e = −1/2, T3u = 1/2 and T3ν = −1/2, and the mass operator M with nontrivial
eigenvalues given by
Me = diag (me, mµ, mτ ) , Mu = diag (mu, mc, mt) , Md = diag (md, ms, mb) .
(4.21)
Since the Higgs contribution is proportional to the weight difference, tensor product
models include the case when the Higgs sector does not contribute at all, to first order in
θµν . Furthermore, the action of nmNCSM exhibited in [25] is obtained by taking w1 = 1
and w2 = 0. In order to facilitate the comparison we present (4.10) in terms of physical
fields:
∆LH = 1
2
θµν
{
g2
2
W+µ W
−ρ
[
i∂νH∂ρH + (H + v)cos
2θ∂νHZρ
+
1
2
(H + v)2
(
eFνρ + cos(2θ)Zνρ + 2i(1 + cos2 θ)ZνZρ
)]
+
g2
4
W+µρ
[
i(H + v)
(
W−ν ∂
ρH +W−ρ∂νH − 1
2
δρνW
− · ∂H
)
+ (H + v)2
(
W−ν Zρ +W−ρZν −
1
2
δρνW
− · Z
)]
+ h.c. (4.22)
+ Zµρ
[
∂νH∂
ρH − 1
4
δρν(∂H)
2 + (H + v)2
(
ZνZρ − 1
4
δρνZ2
)
+
λ
32
δρνH
2(H + 2v)2
]
+ g2W+ ·W−
[
−(H + v)cos2θZµ∂νH
+
1
8
(H + v)2 (eFµν + cos(2θ)Zµν)
]
− ig
2
4
W+µ W
−
ν
[
(∂H)2 +
i
4
(H + v)2
×
(
(1 + 4 cos2 θ)Z2 + g
2
2
W+W− − λ
4
H(H + 2v)
)]}
.
The non-commutative version of the Standard Model gauge sector has been thoroughly
discussed in [14, 15, 18] and the results can be taken over with minor changes (at least
for w1 6= w2).
The Twisted Product Model
The commutative action for the Higgs field is invariant under the replacement ϕ ←→
ϕ˜ = iτ 2ϕ∗. By promoting this property to the non-commutative space-time, the Seiberg–
Witten maps of ϕ˜ and ϕ are related by complex conjugation and have to be constructed
with opposite Moyal products. The left-chiral quark, which couples to both ϕ and ϕ˜ will
be represented by two Seiberg–Witten tensor maps QˆL and Qˆ
′
L, complex conjugate each
other. Similarly, the tensor products dRϕ and uRϕ˜ will be represented by maps constructed
with opposite Moyal products. As a consequence, the non-commutative fields of uR, vρ(u)
and vρ(u)+ v˜ρ will be constructed with the opposite product, while those of dR, vρ(d) and
vρ(u) + vρ will use the usual star product.
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The action of this non-commutative version of the Standard Model, called here the
twisted product model is given by
STM =
∫
d4x
{
¯ˆ
LL ⋆ i
(
/ˆD ⋆ LˆL
)
+ w
¯ˆ
QL ⋆ i
(
/ˆD ⋆ QˆL
)
+ w′
¯ˆ
Q
′
L ◦ i
(
/ˆD ◦ Qˆ′L
)
+¯ˆeR ⋆ i
(
/ˆD ⋆ eˆR
)
+
¯ˆ
dR ⋆ i
(
/ˆD ⋆ dˆR
)
+ ¯ˆuR ◦ i
(
/ˆD ◦ uˆR
)
−
(
¯ˆ
LLG
+
e ⋆ ϕ̂eR +
¯ˆ
QLG
+
d ⋆ ϕ̂dR +
¯ˆ
Q
′
LG
+
u ◦ ̂˜ϕuR + h.c.)
+
(
Dˆρ ⋆ Φˆ
)+
⋆
(
Dˆρ ⋆ Φˆ
)
+
λv2
4
Φˆ+ ⋆ Φˆ− λ
4
Φˆ+ ⋆ Φˆ ⋆ Φˆ+ ⋆ Φˆ
−1
2
∑
n
′ 1
h2n
Tr Vˆρσ(n) ⋆ Vˆ
ρσ(n)− 1
2h2u
Tr Vˆρσ(u) ◦ Vˆ ρσ(u)
− 1
2h2Q
Tr
[
wVˆρσ(Q) ⋆ Vˆ
ρσ(Q) + w′Vˆ
′
ρσ(Q) ◦ Vˆ
′ρσ(Q)
]}
(4.23)
where w, w′ (with w+w′ = 1) are the weights of the tensor maps for the left-chiral quark
field and the primed sum goes over n = L, e, d, ϕ. In order to check the consistency of this
model we write the action of the general fermionic sector in a form similar to (4.4)
S(m)TM =
∫
d4x
[
w
¯ˆ
ΨL ⋆ i
(
/ˆD ⋆ ΨˆL
)
+ w′
¯ˆ
Ψ
′
L ◦ i
(
/ˆD ◦ Ψˆ′L
)
+ ¯ˆχR ⋆ i
(
/ˆD ⋆ χˆR
)
+ ¯ˆηR ◦ i
(
/ˆD ◦ ηˆR
)
−
(
¯ˆ
ΨLG
+ ⋆ ϕ̂χR +
¯ˆ
Ψ
′
LG˜
+ ◦ ̂˜ϕηR + h.c.)] . (4.24)
By going through the same steps as before, one can establish the independent scaling
parameters. The Seiberg–Witten maps using the star product can be read out from (4.6).
We record here only the maps constructed with the opposite Moyal product:
Ψˆ
′
L = ψL +
1
2
θµν
[
−vLµ
(
−∂ν + i
2
vLν
)
+ aLvLµν
]
ψL ,
ηˆR = ηR +
1
2
θµν
[
−v′Rµ
(
−∂ν + i
2
v
′
Rν
)
+ a
′
Rv
′
Rµν
]
ηR ,
̂˜ϕηR = ϕ˜ηR + 1
2
θµν
[
−vLµ
(
−∂ν + i
2
vLν
)
(ϕ˜ηR)− iDµϕ˜DνηR (4.25)
+
(
−a∗v˜µν + a′Rv
′
Rµν
)
ϕ˜ηR
]
,
Vˆρ(n) = vρ(n) +
1
2
θµν
[
1
2
{vµ(n), ∂νvρ(n) + vνρ(n)}+ bDρvµν(n)
]
for n = L′,R′ .
With the notations introduced in (4.8), (4.10) and (4.12), the non-commutative con-
tributions to the action of the twisted product model take the following form:
∆S(m)TM =
∫
d4x
[
(w − w′)∆LL +∆LR −∆L′R −∆LY +∆L
′
Y
)
,
∆S(H)TM =
∫
d4x∆LH (4.26)
∆S(g)TM =
∫
d4x
[∑
n
′ 1
h2n
∆Ln + w − w
′
h2Q
∆LQ − 1
h2u
∆Lu
]
.
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When expressed through physical fields, the whole leptonic contribution remains un-
changed with respect to the direct product model, e.g. ∆LlTM = ∆LlPM as given by (4.18).
The quark contribution to the flavor changing part is
∆LqTM = W−ρ
g√
2
(w − w′)d¯V +θµνρ
[
i
←∇µ ∇ν +
(
4
3
sin2 θ − 1
)
Zν
←∇µ
−
(
1− 2
3
sin2 θ
)
∇νZµ − gsGµν − e
6
Fµν
]
PLu
+(H + v)
g√
2
d¯
1
2
θµν
{
Md
v
V +PLW
−
µ
[
←∇ν −2i
(
1− 2
3
sin2 θ
)
Zν
]
W−µ
− V +Mu
v
PR
[
∇ν − 2i
(
1− 1
3
sin2 θ
)
Zν
]
W−µ
}
u . (4.27)
The contribution of the flavor preserving part to the extended action can be also
written in compact way as follows:
∆LFPTM =
∑
f
f¯ θµνρT3
{
i
[
−
(
gsGµν +QeFµν − 2Q sin2 θZµν
)
(γ5 + 2wPL)
+ 2(1− 2w)T3PLZµν ]
[
∇ρ + 2i
(
T3PL −Q sin2 θ
)
Zρ
]
− g
2
4
(1− 2w)
(
W−µ W
+
νρ + h.c.
)
PL
}
f
+
g2
4
W+µ W
−
ν
∑
f
f¯ θµνρ(1− 2w)
{
←∇ρ +∇ρ (4.28)
+ 4i
[
Q sin2 θ − T3 (2 + cos(2θ))
]
Zρ
}
PLf
−(H + v)∑
f
f¯
1
2
θµν2T3
M
v
[
i
←∇µ ∇ν + 2
(
T3PL −Q sin2 θ
)
Zµ
←∇ν
+ 2
(
T3PR −Q sin2 θ
)
∇νZµ − gsGµν −QeFµν − ig2T3W+µ W−ν
]
f
where we introduced a weight operatorw diagonal in flavor space with eigenvalues wν = 0,
we = 1, wu = w
′ and wd = w. It is a simple exercise to check that the leptonic parts of
(4.20) and (4.28) coincide.
A peculiarity of the twisted product model is that left- and right-handed chiral quarks
carry different charges in non-commutative space-time and, as a consequence, the electro-
magnetic interactions violate parity. To see this we compute from (4.28) the electromag-
netic interaction to lowest order in the coupling constant e, by assuming the quarks on
their mass-shell. We get
Aρ
e
6
θµν
{
d¯
[
δρµ
(
2w′
←
∂ ν MdPR + h.c.
)
− i ←∂µ γρ (1− 2w′PL) ∂ν
]
d
+ 2u¯
[
δρµ
(
2w
←
∂ ν MuPR + h.c.
)
− i ←∂µ γρ (1− 2wPL) ∂ν
]
u
}
(4.29)
Similar observations apply to strong interactions.
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5 Models Based upon Hybrid Seiberg–Witten Map
The Hybrid Scalar Model
In this model the Higgs field is represented by three scalar Seiberg–Witten maps Φˆi with
i = e, d, u, hybrid of the left and right chiral fermions labelled by i. The non-commutative
action is
SHS =
∫
d4x
{
¯ˆ
LL ⋆ i
(
/ˆD ⋆ LˆL
)
+ ¯ˆeR ⋆ i
(
/ˆD ⋆ eˆR
)
+
¯ˆ
QL ⋆ i
(
/ˆD ⋆ QˆL
)
+
¯ˆ
dR ⋆ i
(
/ˆD ⋆ dˆR
)
+ ¯ˆuR ⋆ i
(
/ˆD ⋆ uˆR
)
−
( ¯ˆ
LLG
+
e ⋆ Φˆe ⋆ eˆR
+
¯ˆ
QLG
+
d ⋆ Φˆd ⋆ dˆR +
¯ˆ
QLG
+
u ⋆ Φˆu ⋆ uˆR + h.c.
)
+
∑
i
wiTr
[(
Dˆρ ⋆ Φˆi
)+
⋆
(
Dˆρ ⋆ Φˆi
)
+
λv2
4
Φˆ+i ⋆ Φˆi −
λ
4
Φˆ+i ⋆ Φˆi ⋆ Φˆ
+
i ⋆ Φˆi
]
− 1
2
∑
n
1
h2n
Tr Vˆρσ(n) ⋆ Vˆ
ρσ(n)
}
(5.1)
where wi, with i = e, d, u are the weights of the Higgs representatives,
∑
iwi = 1. Since
hybrid maps do not have their own gauge Seiberg–Witten maps, we assume that the
kinetic gauge term receives contributions only from n = L,Q, e, d, u.
The consistency check of the model leads to a single (complex) parameter for all the
three hybrid maps. Denoting by Φˆ, Φˆ′ the representatives of the Higgs field ϕ and its
charge conjugate ϕ˜, one finds (compare to (3.16))
Φˆ = φ+
1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
φ+ φ
(
←
∂µ +
i
2
vRµ
)
vRν
− ivLµφvRν + a (vLµνφ− φvRµν)] ,
Φˆ
′
= φ˜+
1
2
θµν
[
vLµ
(
−∂ν + i
2
vLν
)
φ˜+ φ˜
(
←
∂µ +
i
2
v
′
Rµ
)
v
′
Rν
− ivLµφ˜v′Rν + a
(
vLµν φ˜− φ˜v′Rµν
)]
(5.2)
where φ = ϕ⊗ I3 and φ˜ = ϕ˜⊗ I3. Field redefinitions can be now performed owing to the
identities
vLµνφ = φvRµν + vµνϕ⊗ I3 , vLµν φ˜ = φ˜v′Rµν + v˜µνϕ˜⊗ I3 . (5.3)
The leptonic and quark sectors of the hybrid scalar and of the tensor product models
coincide. The Higgs sector contributes to the extended action with the following expres-
sion:
∆S(H)HS =
∫
d4x
[
(we + wd − wu)∆LH +
(
2wu − wd
3
− we
)
EHS
]
(5.4)
where ∆LH is given by (4.10) and
EHS ≡ 1
2
θµν
{
2Dρϕ+Dµϕ+ h.c. + δ
ρ
µ
[
−Dϕ+ ·Dϕ+ λ
4
ϕ+ϕ
(
ϕ+ϕ− v2
)]}
g′Bνρ . (5.5)
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The first term in (5.4) has the same form as Higgs contribution of the tensor product
model if one takes, for instance, w1 = we + wd and w2 = wu, but other combinations are
possible. If 3wd + 5we 6= 2, the hybrid scalar model leads to electromagnetic interactions
of neutral particles (Z-bosons, Higgs mesons). In terms of physical fields the contribution
(4.21) takes the form
EHS = 1
2
θµν
{
2∂µH∂
ρH + (H + v)2
(
g2
2
W+µ W
−ρ + h.c. + 2ZµZρ
)
− 1
2
δρµ
[
(∂H)2 + (H + v)2
(
g2
2
W+W− + Z2
)
− λ
8
H2(H + 2v)2
]}
×
(
eFνρ − 2 sin2 θZνρ
)
. (5.6)
Electromagnetic interactions of neutral particles occur whenever hybrid maps become
dynamical. In contrast to non-commutative covariant derivatives of tensor fields, the co-
variant derivative of a hybrid map destroys the relation (3.6) between gauge fields asso-
ciated to left and right chiral fermions, already at first order in θµν .
The Hybrid Fermion Model
The hybrid fermion model is based upon extending (3.24) to non-commutative space-
time. This is achieved by constructing fermionic Seiberg–Witten maps transforming left
and right, as right fermionic singlets and Higgs doublets, respectively. We decide to use a
single Seiberg–Witten map for the Higgs doublet, although a version with two independent
Higgs maps Φˆ1, Φˆ2 of ϕ and ϕ˜ would be also conceivable. With the choice described in
sect 3. the maps representing the Higgs fields are
Φ̂∗ = ϕ∗ +
1
2
θµν
[
v∗µ
(
∂ν +
i
2
v∗ν
)
+ a∗v∗µν
]
ϕ∗ , (5.7)
Φˆ∗2 = ϕ˜
∗ +
1
2
θµν
[
−v˜∗µ
(
−∂ν + i
2
v˜∗ν
)
− av˜∗µν
]
ϕ˜∗ . (5.8)
Since (5.8) is obtained from Φˆ2 by complex conjugation, it is constructed with the opposite
Moyal product.
The action of the hybrid fermion model is given by
SHF =
∫
d4x
{
¯ˆ
L
t
L ⋆ i
(
/ˆD ⋆ LˆtL
)
+ w
¯ˆ
Q
t
L ⋆ i
(
/ˆD ⋆ QˆtL
)
+ w′
¯ˆ
Q
′t
L ◦ i
(
/ˆD ◦ Qˆ′tL
)
+¯ˆeR ⋆ i
(
/ˆD ⋆ eˆR
)
+
¯ˆ
dR ⋆ i
(
/ˆD ⋆ dˆR
)
+ ¯ˆuR ◦ i
(
/ˆD ◦ uˆR
)
−
(
¯ˆeRGe ⋆ Lˆ
t
L ⋆ Φ̂
∗ +
¯ˆ
dRGd ⋆ Qˆ
t
L ⋆ Φ̂
∗ + ¯ˆuRGu ◦ Qˆ′tL ◦ Φˆ∗2 + h.c.
)
+
(
Dˆρ ⋆ Φˆ
)+
⋆
(
Dˆρ ⋆ Φˆ
)
+
λv2
4
Φˆ+ ⋆ Φˆ− λ
4
Φˆ+ ⋆ Φˆ ⋆ Φˆ+ ⋆ Φˆ
− 1
2
∑
n
′ 1
h2n
Tr Vˆρσ(n) ⋆ Vˆ
ρσ(n)− 1
2h2u
Tr Vˆρσ(u) ◦ Vˆ ρσ(u)
}
. (5.9)
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Here LˆtL, Qˆ
t
L, Lˆ
′t
L are the hybrid Seiberg–Witten maps required by the gauge invariance
of Yukawa couplings and the superscript t means transposition in electroweak isospin-
hypercharge space. The quark maps are opposite to each other and occur with weights w,
w′, obeying w+w′ = 1. Again we do not consider those contributions to the gauge sector
which are associated to hybrid maps. Hence the primed sum goes over n = e, d, ϕ.
The consistency of the model can be examined in the same way as in previous models.
As a consequence, the scaling parameters of the hybrid maps Ψˆt1L, Ψˆ
t
2L introduced in
(3.25) are restricted to a single one
a
′
1L = −a1L = −a2L = a
′
2L ≡ aL . (5.10)
After rescaling the fields, one can compute the non-commutative contribution of the
various sectors of the Standard Model in terms of physical fields. Since both kind of maps
(constructed with direct and opposite Moyal products) occur in the hybrid fermionic
model, we expect to get electromagnetic and strong interactions which violate parity.
This is apparent from the flavor preserving part contribution
∆LFPHF =
∑
f
f¯ θµνρT3
{
i
[
−
(
gsGµν +QeFµν − 2Q sin2 θZµν
)
(γ5 + 2wPL)
+ 4(w − 1)T3PLeFµν + 2 (1 + 2(w − 1) cos(2θ))T3PLZµν ]
×
[
∇ρ + 2i
(
T3PL −Q sin2 θ
)
Zρ
]
+
g2
4
(1− 2w)
(
W−µ W
+
νρ + h.c.
)
PL
}
f
−g
2
4
W+µ W
−
ν
∑
f
f¯ θµνρ(1− 2w)
{
←∇ρ +∇ρ
+ 4i
[
Q sin2 θ − T3 (2 + cos(2θ))
]
Zρ
}
PLf
+(H + v)
∑
f
f¯
1
2
θµν
M
v
{
2T3
[
i
←∇µ ∇ν + 2
(
T3PL −Q sin2 θ
) ←∇ν Zµ
+ 2
(
T3PR −Q sin2 θ
)
Zµ∇ν
]
− 1
2
(
Zµν + ig2W+µ W−ν
)}
f . (5.11)
Even the lepton sector is changed in comparison with previous models. The electromag-
netic interaction of the leptons is given by
1
2
θµνeFνρ
{
1
2
e¯
[
δρµ
(
i /∇−Me
)
− 2iγρ∇µ
]
e+ ν¯L
(
δρµi/∂ − 2iγρ∂µ
)
νL
}
. (5.12)
The last term of (5.12) describes the photon-neutrino interaction considered in ref. [28].
Clearly, the hybrid map of left-chiral leptons LˆtL is responsible for such a coupling.
For completeness we give in the following the contributions of the hybrid fermion
model to the flavor changing part of the Standard Model:
∆LlHF = −W−ρ
g√
2
e¯θµνρ
(
i
←∇µ ∇ν−
←∇µ Zν − cos(2θ)Zµ∇ν − e
2
Fµν + sin
2 θZµν
)
νL
−(H + v) g√
2
e¯
1
2
θµν
Me
v
W−µ
(
←∇ν −2iZν
)
νL (5.13)
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∆LqHF = W−ρ
g√
2
d¯V +θµνρ
{
−(w − w′)
[
i
←∇µ ∇ν +
(
4
3
sin2 θ − 1
)
←∇µ Zν
−
(
1− 2
3
sin2 θ
)
Zµ∇ν
]
+
e
2
Fµν − sin2 θZµν
}
PLu
−(H + v) g√
2
d¯
1
2
θµν
{
Md
v
V +PLW
−
µ
[
←∇ν −2i
(
1− 2
3
sin2 θ
)
Zν
]
− V +Mu
v
PR
[
∇ν − 2i
(
1− 1
3
sin2 θ
)
Zν
]
W−µ
}
u . (5.14)
Finally, the contribution of the model to the gauge sector is
∆S(g)HF =
∫
d4x
[
1
h2e
∆Le + 1
h2d
∆Ld − 1
h2u
∆Lu + 1
h2ϕ
∆Lϕ
]
. (5.15)
Notice that (5.15) contains only four weights 1/h2n restricted by the normalization condi-
tions (3.11).
We expect qualitatively similar conclusions for the alternatively hybrid fermionic
model with two independent non-commutative Higgs fields mentioned at the beginning of
this subsection. In particular, the photon-neutrino interaction from (5.12) is the same.
6 Effective Low Energy Four-Fermi Interaction
In this section we will concentrate on the low energy aspects of the Standard Model in
non-commutative space-time. As in the commutative Standard Model, energies below the
masses of the weak bosons and Higgs (but larger than ΛQCD) are considered low. Effective
actions based upon Standard Model in non-commutative space-time were first considered
in [20].
Here we obtain the effective action by integrating out the weak massive boson fields
W±ρ , Zρ and H , while electromagnetic and strong interactions remain unintegrated. The
corresponding free currents are
J±ρ =
g√
2
C±ρ , J
0
ρ =
g
cos θ
C0ρ , JH =
1
v
CH (6.1)
where
C−ρ ≡ e¯γρνL + d¯V +γρPLu , C0ρ ≡
∑
f
f¯γρ
(
T3PR −Q sin2 θ
)
f ,
C+ρ ≡ ν¯Lγρe + u¯V γρPLd , CH ≡
∑
f
f¯Mf . (6.2)
Due to the factor 1/v, only the top quark contribution to the Higgs free current CH is of
comparable order of magnitude as the other free currents. Moreover, the contributions of
the Higgs path integral to the effective action are suppressed by a factor 1/m2H and will
be ignored in the following.
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The full weak currents are obtained by varying the extended action with respect to
the fields W±ρ , Zρ and H . The part of the Lagrangian due to non-commutative space-time
receives contributions from the usual three sectors
∆L = ∆Lmatter +∆LHiggs +∆Lgauge . (6.3)
Here ∆Lmatter = ∆Ll + ∆Lq + h.c. + ∆LFP, as given by (4.16) and (4.17), ∆LHiggs is a
certain linear combination of (4.22) and (5.6) and ∆Lgauge represents the contribution of
the triple gauge boson interactions ( see [18, 25]) relevant at low energies.
The construction of the effective action starts by computing the variation of ∆L with
respect to the massive bosonic field. Then, both fields and their variations are replaced by
the convolution of free field propagators and the corresponding free currents. The effective
action is obtained as a power series in inverse masses squared, but only the coefficients
of lowest powers can be expressed in terms of Standard Model parameters. All the other
coefficients depend in general on the regularization details.
It has been shown in Sect. 2 that the contribution of the fermions to the non-commu-
tative effective action does not depend on the regularization details, because involving the
totally antisymmetric tensor θµνρ. This property continues to be valid for the Standard
Model extensions presented here. On the other hand, ∆LHiggs and ∆Lgauge contain triple
and quadruple boson interactions which are changed by renormalization. Moreover, such
couplings in ∆LHiggs have positive mass dimension and can contribute to order 1/m4 in
the effective action. Hence we will explicitly integrate only terms at most quadratically in
the massive boson fields, thereby restricting our considerations to effective four-fermionic
interactions.
The variation of ∆Lmatter is then given by
δ∆LmatterX = δW−ρ
g√
2
[(
ClX
)ρ
+
+ (CqX)ρ+
]
+ h.c. + δZρ
g
cos θ
(
CFPX
)ρ
0
, (6.4)
provided that the coefficient of δH is neglected. In (6.4) the subscript X stands for any of
the four models discussed in previous sections. The coefficients of the field variations carry
superscripts denoting the lepton (l), or quark (q) contributions to the flavor changing part,
or of both, to the flavor preserving part (FP) for the non-commutative fermionic matter
sector. The coefficients relevant to the effective four-fermionic interactions are given by
(
ClX
)ρ
+
= e¯
[
θµνρ
(
i
←∇µ ∇ν + e
2
Fµν
)
− 1
2
θρµMe∇µ
]
νL , (6.5)
(
ClHF
)ρ
+
= e¯
[
θµνρ
(
−i ←∇µ ∇ν + e
2
Fµν
)
+
1
2
θρµMe∇µ
]
νL , (6.6)
(CqX)ρ+ = d¯
[
V +θµνρ
(
i
←∇µ ∇ν − gsGµν − e
6
Fµν
)
PL
− 1
2
θρµ
(
MdV
+PL∇µ + V +MuPR
←∇µ
)]
u, (6.7)
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(CqTM)ρ+ = d¯
[
(w − w′)V +θµνρ
(
i
←∇µ ∇ν − gsGµν − e
6
Fµν
)
PL
− 1
2
θρµ
(
MdV
+PL∇µ − V +MuPR
←∇µ
)]
u, (6.8)
(CqHF)ρ+ = d¯
{
θµνρV +
[
−(w − w′)i ←∇µ ∇ν + e
2
Fµν
]
PL
+
1
2
θρµ
(
MdV
+PL∇µ − V +MuPR
←∇µ
)}
u , (6.9)
(
CFPX
)ρ
0
=
∑
f
f¯
{
θµνρ
(
T3PL −Q sin2 θ
)(
i
←∇µ ∇ν − gsGµν −QeFµν
)
(6.10)
− 1
2
θρµM
[(
T3PL −Q sin2 θ
)
∇µ +
(
T3PR −Q sin2 θ
) ←∇µ]} f ,
(
CFPTM
)ρ
0
= 2
∑
f
f¯T3
{
−θµνρ (γ5 + 2wPL)
(
T3PL −Q sin2 θ
)
×
(
i
←∇µ ∇ν − gsGµν −QeFµν
)
(6.11)
+
1
2
θρµM
[(
T3PL −Q sin2 θ
)
∇µ +
(
T3PR −Q sin2 θ
) ←∇µ]} f ,
(
CFPHF
)ρ
0
= 2
∑
f
f¯T3
{
θµνρ
[(
(1 + 2(w − 1) cos(2θ))T3PL + 2 sin2 θ (γ5 + 2wPL)Q
)
×
(
i
←∇µ ∇ν − gsGµν −
(
Q− 1
sin2 θ
T3PL
)
eFµν
)
(6.12)
+
(
1 + (w − 1) cos2 θ
) (
T3gsGµν − 1
4 sin2 θ
eFµν
)
PL
]
− 1
2
θρµM
[(
T3PL +Q sin
2 θ
)
∇µ +
(
T3PR +Q sin
2 θ
) ←∇µ]} f .
Except for (6.5) which is valid for X = PM,TM and HS, the subscript X refers to both
direct tensor product (PM) and hybrid scalar (HS) models.
Let us discuss now the contribution of the Higgs sector to the effective action. A look
at (4.22) shows that it contains triple and quadruple boson interactions proportional to
v2, i.e to mass squared. The only contribution quadratic in the massive vector bosons is
coming from the electromagnetic interaction
em2W
1
2
θµνFνρ
(
W+µ W
−ρ + h.c.− 1
2
δρµW
+W−
)
. (6.13)
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In the hybrid scalar model there is, as follows from (5.4) and (5.6) an additional electro-
magnetic interaction contributing to the effective action
e
1
2
θµνFνρ
{
2∂µH∂
ρH − 1
2
δρµ
[
(∂H)2 − m
2
H
2
H2
]
+ m2W
[
2
(
W+µ W
−ρ + h.c. +
1
cos2 θ
ZµZ
ρ
)
− δρµ
(
W+W− +
1
2 cos2 θ
Z2
)]}
.(6.14)
The last two terms in (6.14) give a contribution of order 1/m4 in the effective action and
can be neglected.
For the same reason one can neglect the contribution of ∆Lgauge.
According to (A.4) the effective action is obtained from (6.4) and from ∆LHiggs by
means of the following replacements:
δW±ρ ,W
±
ρ ⇒ −
g
m2W
√
2
C±ρ , δZρ, Zρ ⇒ −
g
m2Z cos θ
C0ρ . (6.15)
The effective Hamiltonian is given by
∆HeffX =
4GF√
2
{
C−ρ
[(
ClX
)ρ
+
+ (CqX)ρ+
]
+ h.c. + 2C0ρ
(
CFPX
)ρ
0
− 1
2
θµνeFνρ
[
(κX + 2µX)
(
C+µ C
−ρ + h.c.− δρµ
κX
2
C+ · C−
)
+ µX
(
4C0µC
0ρ − δρµ(C0)2
)]}
(6.16)
where GF/
√
2 ≡ g2/(8m2W ) is the Fermi weak constant and
κPM = w1 − w2 , κTM = κHF = 1 , κHS = we + wd − wu = 1− 2wu ,
µPM = µTM = µHF = 0 , µHS =
2wu − wd
3
− we . (6.17)
Eq. (6.16) summarizes the non-commutative contribution of the various models to the pro-
cesses involving four fermions. Since Uem
⊗
SUc gauge symmetry is explicitly preserved,
the formula describes also processes with one or more photons or / and gluons. In com-
puting the corresponding transition probability amplitudes one must consider, besides the
point interaction (6.16) tree diagrams in which one of the fermionic lines is off-shell.
7 Conclusions
The implementation of Yukawa interactions in non-commutative space-time provided
several options for extending the Standard Model, all of them being based upon the
gauge group UY(1)
⊗
SUL(2)
⊗
SUc(3). Each extension was obtained by assigning certain
Seiberg–Witten maps to the fields entering the commutative Yukawa interaction. In tensor
product models, one of the maps was transforming as the tensor product of the other two.
Alternatively, the map associated to the central factor in the Yukawa product transformed
left and right, as the maps corresponding to left- and right-handed fields, respectively. In
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this way we obtained hybrid non-commutative models. A further proliferation of models
appeared because the couplings to Higgs and to its charge conjugate field were inde-
pendent of each other. The complete non-commutative extension could be achieved with
the same star product, or through opposite (complex conjugate) Moyal products. In case
that inequivalent Seiberg–Witten maps were associated to the same commutative matter
representation, we assumed a weighted contribution to the non-commutative action.
In particular, we derived, at lowest order in θµν , the non-minimal Non-Commutative
Standard Model within the class of tensor products models. Also, by making hybrid
Seiberg–Witten maps dynamical, we found that the corresponding non-commutative mod-
els always predict an electromagnetic coupling of neutral particles, like Z-boson, Higgs
meson or neutrino.
We evaluated also low energy effective actions for the non-commutative models, by
integrating out massive bosonic degrees of freedom. If pure fermionic matter coupled to
massive vector bosons of mass m, we derived an effective action for four- and six-fermion
processes, valid up to order 1/m4 included. On the other hand, due to the Higgs mecha-
nism, non-commutative extensions of the Standard Model contain, in general, triple and
quadruple boson couplings of positive mass dimension. Such couplings being renormalized
were discarded, reducing the validity of the effective actions to order 1/m2. We obtained
formulas for the low energy effective interaction Hamiltonian of four fermions and a num-
ber of photons and gluons limited only by the Uem(1)
⊗
SUc(3) gauge symmetry.
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A Appendix
We shall give here a formula for the effective action obtained by integrating out massive
bosonic fields coupled to currents. Our starting point is the action
1
2
ξiKijξj + uiξi − V (ξ) . (A.1)
In (A.1) we use a highly compact notation in which space time coordinates and field indices
are included in Latin indices i, j, k, . . ., summation occurs whenever an index is repeated.
The basic fields (upon one will integrate) are denoted by ξi and the (free) currents by
ui, the symmetric matrix Kij in the kinetic term is nonsingular, its inverse being the free
propagator. We also assume V (ξ) to be polynomial of some degree N in the field ξ and
derivatives
V (ξ) =
N∑
α=1
1
α
Ci1...iαξi1 · · · ξiα . (A.2)
The effective action Seff(u) is defined to be the part of the path integral
1
i
ln
∫ (∏
k
dξk
)
exp
{
i
[
1
2
ξiKijξj + uiξi − V (ξ)
]}
(A.3)
linear in the coefficients Ci1...iα .
One obtains
Seff(u) = −1
2
uiu¯i + 2u¯iJi(0)−
∫ 1
0
da u¯iJi(au¯)−PN−2(u¯) (A.4)
where u¯i ≡ K−1ij uj and Ji(ξ) is the full current defined by δV = Ji(ξ)δξi. In terms of the
coefficients introduced in (A.2) the full current has the following expansion:
Ji(ξ) = Ci + Cijξj + Cijkξjξk + · · · . (A.5)
Finally, PN−2(u¯) is a certain polynomial of degree N − 2 in u¯. For the purpose of this
paper the case N = 6, considered below, is sufficient. We have
P4(u¯) = Cijk
K−1ij
i
u¯k +
3
4
Cijkl
(
K−1ij
i
K−1kl
i
+ 2
K−1ij
i
u¯ku¯l
)
+ Cijklm
(
3
K−1ij
i
K−1kl
i
u¯m + 2
K−1ij
i
u¯ku¯lu¯m
)
(A.6)
+
5
2
Cijklmn
(
K−1ij
i
K−1kl
i
K−1mn
i
+ 3
K−1ij
i
K−1kl
i
u¯mu¯n +
K−1ij
i
u¯ku¯lu¯mu¯n
)
.
In a local field theory the factors K−1ij in (A.7) represent free propagators at zero
distance and are divergent quantities. Without entering the regularization details one can
estimate the importance of the various terms in P4(u¯) by simple dimensional analysis.
Let us apply (A.4) to get the effective action in non-commutative space-time for the
simple theory described in Sect. 2, where the free currents ui are given by ψ¯γ
ρtaψ. Due
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to the antisymmetry of θµνρ, the matter sector represented by (2.14) does not yield any
contribution to the corresponding polynomial. Contributions are however expected from
the kinetic term for non-commutative vector fields. Notice that each factor u¯i, or K
−1
ij
introduces an inverse power of mass squared. Referring to (2.13) one easily finds that the
contribution of (A.7) to the effective four-fermion interaction is given by
3
2
(
Cijkl
K−1ij
i
u¯ku¯l + 5Cijklmn
K−1ij
i
K−1kl
i
u¯mu¯n
)
. (A.7)
Since both Cijkl and Cijklmn do not introduce factors of order m, the contribution of (A.7)
is of order 1/m6.
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